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Abstract 

The intersection dimension of a graph with respect to a set of non-negative in- 
tegers L is the small number I for which there is an assignment on the vertices to 
subsets A v C {1, . . . , £}, such that every two vertices u, v are adjacent if and only if 
\A U n A v I £ L. The bipartite intersection dimension is defined similarly when the 
conditions are considered only for the vertices in different parts. In this paper, some 
lower bounds for the (bipartite) intersection dimension of a graph with respect to 
various types L in terms of the minimum rank of graph are obtained. 

Keywords: Set intersection representation; Intersection dimension; Bipartite 
set intersection representation; Bipartite intersection dimension. 



1 Introduction 

A graph representation is an assignment on the vertices of graph to a family of objects 
satisfying certain conditions and a rule which determines from the objects whether or not 
two vertices are adjacent. In the literature, different types of graph representations such 
as the set intersection representation [H [9] and the vector representation [1~2| [13] are 
studied. 

The set intersection representation is one of the basic graph representations, which is 
an assignment of sets to the vertices such that two vertices are adjacent if and only if the 
size of the intersection of their corresponding sets satisfies the certain rule. Precisely, let 
G be a finite simple graph with vertex set V and L be a subset of non-negative integers. 
A set intersection representation of G with respect to L, assign to every vertex v £ V a 
finite set A v , such that two vertices u and v are adjacent if and only if \A U !~)A V \ £ L. The 
question we are interest in is the minimum size of the universe of the sets, Uy e yA v , used 
for a set intersection representation. This parameter is denoted by @l(G) and called the 
intersection dimension of G with respect to L [2]. 

By considering different types of L, different intersection dimensions @l(G) are defined. 
For instance, the intersection dimension with respect to L = {k, k+1, . . . }, for some integer 



1 



k, is called the threshold k-dimension and denoted by 0&(G). The threshold dimension 
of G is 0thr(G) = minfcOfc(G) over all integers k [3]. The modular dimension of G is 
@mod(G) = min^ ©l(G) over all modular types of L = {I : I (mod p) G i?}, where p > 2 
is a positive integer and R Q {0,1, . . . ,p — l}is the set of residues. When p = 2 and 
i? = {1}, the modular dimension is called the ode? dimension and denoted by o dd(G) [3]. 
The absolute dimension of G is 0(G) = minf,0£(G) over all sets L of non-negative 
integers. 

If all sets assigned to the vertices are of the same size, say k, then the representation is 
called the k-uniform set intersection representation. The k-uniform intersection dimension 
of G with respect to L, denoted by @L,k(G), is the minimum size of the universe of the 
sets in all fe-uniform intersection representations of graph G. As a natural extension, we 
can assume that the size of sets assign to the vertices are restricted to r different sizes in 
the set K = {k\, k2, ■ ■ ■ ,k r }. In this case, we denote the minimum size of the universe of 
the sets in all such representations with &l,k(G). 

For bipartite graph G with a fixed vertex partition V = V\ U V2, the definition can 
be modified by relaxing the condition inside the partition sets (since only by checking if 
two vertices belong to one set of partitions, we understand that they are not adjacent). 
Indeed, a bipartite set intersection representation of graph G with respect to L, for a given 
set L C {0, 1,2,...}, assign to every vertex v € V a finite set A v , such that two vertices 
u,v from different partite sets are adjacent if and only if \A U d A v \ £ L. The relaxed 
measure of the intersection dimensions on different types of L are denoted by lower case 
theta, 9 L (G), thr (G), 6 mod (G) and 9(G) [9]. 

The set intersection representation of graphs has a close relation to the extremal set 
theory which is one of the important field in combinatorics. In fact, every set intersection 
representation of a graph corresponds to a family of sets with a specific rule on the inter- 
section of the sets and vice versa. This relation is a natural motivation to use the extremal 
set theory techniques in studying the different types of the intersection dimension. 

If in a set intersection representation of G, same sets assign to different vertices u 
and v, then their set of neighbors should have differ in at most u and v. Two such 
vertices are called twin vertices and a graph without twin vertices is called a twin-free 
graph. It is easy to see that if H is a maximal twin-free induced subgraph of G, then 
®l(H) < 0l(G) and 9l(H) = 6l(G), for every set L. Thus, every lower bound for the 
intersection dimension of if is a lower bound for the intersection dimension of G. Since 
in the set system corresponding to a set representation, different vertices require different 
sets of labels, through this paper we consider twin-free graphs with no isolated vertex. 

The concept of the absolute dimension is in the connection with the problem of finding 
explicit lower bounds in the complexity theory [9j \15\ I16j . For a twin- free graph G of 
order n, since no pair of vertices could be assigned the same set in a representation, we 
have 0(G) > log 2 n and 9(G) > log 2 n. Although, the question of finding an explicit 
construction for graph G such that 0(G) 3> log 2 n and 9(G) S> log 2 n, in general seems 
very hard. With this motivation we are interest in finding lower bounds for the various 
intersection dimensions of graphs and exploring graphs with large intersection dimension 
with respect to different types of L. 
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A good summery on the known results on the intersection dimension is given in [9] (for 
more results in this subject see [TJ O [3J [S] ) . Most studied problems in this concept are in 
the threshold type k = 1 which is known as the edge clique covering number. Also, the 
bipartite intersection dimension in the threshold type k = 1 correspond to the well-known 
parameter, the edge biclique covering number [TO]. The bipartite intersection dimensions 
in various types are studied in [9] and the following results are proved. 

A Hadamard matrix of order n is an n x n matrix with entries ±1 and mutually 
orthogonal row vectors (over the M). A graph associated with a Hadamard matrix, namely 
a Hadamard graph, of order n is a bipartite nxn graph H where two vertices are adjacent 
if and only if the corresponding entry of the Hadamard matrix is equal +1. 

Theorem 1.1. [S] 

a. For every non-negative integer n, there exist a bipartite nxn graph G with 
0(G) > (n-l)/2. 

b. For every Hadamard graph H of order n, both 6 t \ iV (H) and 6 t \ iV (H c ) are at least 

c. For every bipartite graph G, #odd(G) is equal to the rank of the adjacency matrix of 
G over Z2. 

d. Let p be a prime and R be a subset of residues module p with \R\ = s. If 
L = {I : I (mod p) G R}, then for every graph G of order n and maximum de- 
gree A, 

(i) L {G C ) > (n/A)i 
(H) L (G) > (±n/A)F*. 

In this paper, we explore some lower bounds for the intersection dimension Ol(G) 
and 6l(G) with respect to modular types, finite sets and fc-threshold types L. First, in 
Section 2, we present some preliminaries that we need through the paper. In Section 3, 
we prove some lower bounds for 6z,(G) in various types of L, such as modular types, 
finite types and threshold types in terms of the minimum rank of G; we conclude some 
graphs with large intersection dimension. Similar results are proved in Section 4 for the 
bipartite intersection dimension. In Section 5, we consider the uniform intersection set 
representation of graphs. 

2 Preliminaries 

In this section, we present some definitions and known results, which are necessary to 
prove our main theorems. We start with the definition of the rank of a graph. 

Let A4 n (F) be the set of all n x n matrices over a field F and 5 n (F) be the subset of 
all symmetric matrices in A^ ra (F). For A G 5 n (F), the graph of A, denoted by G(A), is 
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a graph with vertex set {1, . . . , n} and edge set {ij : Aij ^ and i ^ j}. Note that the 
diagonal of A is ignored in determining Q{A). 

The minimum rank |14] of a graph G over a field F is defined to be 
mr F (G) = min{rank(^) : 4 £ 5 n (F), Q{A) = G}. 

In the case of bipartite graph, for convenience we consider the bipartite adjacency 
matrix. The bipartite adjacency matrix of an n x n bipartite graph G with a vertex 
partition V = V% U V2, denoted by A^{G), is a (0, l)-matrix whose rows correspond to 
the vertices of V\ and its columns correspond to the vertices of V2, and the (i,j) entry of 
Ab(G) is 1 if and only if vertex i is adjacent to vertex j. For A £ M. n (¥), the bipartite 
graph Qb{A) is a graph with bipartite set V\ and V2 corresponding to the rows and the 
columns of A, respectively, and edges {ij : A^ ^ 0}. 

The bipartite minimum rank of a bipartite graph G over a field F is defined to be 
bmr F (G) = min{rank(^) : A G M n (¥), Q h (A) = G}. 

It can be easily seen that, for every bipartite graph G, mr F (G) = 2bmr F (G'). For 
convenience, when F = R, we denote mrf(G) and bmrjr(G) by mr(G) and bmr(G), also 
for F = Z p we denote them by mr p (G) and bmr p (G), respectively. 

The following results are well-known and straightforward. 
Proposition 1.2. Over any field ¥, 

a. ifG = U^d, then mr F (G) < Etl^MGi)- 

b. if G' is an induced subgraph of G, then mr F (G") < mr F (G). 

c. for the path P n on n vertices, mr F (P n ) = n — 1. 

d. for the cycle C n on n vertices, mr F (C n ) = n — 2. 

The following is a lower bound for the bipartite minimum rank of Hadamard graphs. 
Theorem 2.2. [S] If H is a Hadamard graph of order n, then bmr(H) > y/n. 

Regarding to the relation between the set intersection representation of graphs and set 
systems, the key tools in the proof of main theorems is the inclusion matrix of set systems. 

Let T and T be two families of subsets of set [/] = {1, . . . , /}. The (J 7 , T)-inclusion 
matrix, denoted by I{J-,T) is a (0, l)-matrix whose rows and columns are labeled by the 
members of J- and T, respectively. The (F, T) entry of I{J-, T) will be 1 or according 
to whether or not TCF, In the case that T is the family of all t-subsets of [/] U {0}, we 
denote the matrix by I{J-, t) and call it the t-inclusion matrix of T . When T is the family 
of all i-subsets of [l] U {0}, the corresponding t-inclusion matrix is denoted by I(i,t). Let 
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A t (F,T) = I(F,t) x I(T,t) T , we call A t (F,T) the t-intersection matrix of T and T [6]. 
Indeed, A t (F,T) is a (J 7 ) x |T| matrix where its (F,T) entry is (' F y T ')- Moreover, 

r&nk(A t (F,T)) < rank(I(F,t)) < 

The following fact is a useful relation in working with the inclusion matrix. 
Proposition 3.2. [6] If J- is a subfamily of k-subsets of [I] U {0}, then 

I(F,i) x I(i,t) = ( k ~l)l(F,t). 



3 Lower bounds for the intersection dimension 

In this section, we present some lower bounds for the intersection dimension of a graph G 
with respect to modular types, finite sets and /c-threshold types L in terms of the minimum 
rank of G. Then, we conclude that graphs with large minimum rank could be the good 
candidates for graphs with large intersection dimension with respect to some specific types 
L. 

Theorem 1.3. Let p be a prime number and R be a subset of residues module p with 
\R\ = s. If L = {I : I (mod p) G R}, then for every graph G, 

(ii) mr p (G)<£( e f^Y 
t=o ^ ' 

Proof. Assume that, R = {r%, r2, . . . , r s } and A = {A\, . . . , A n } is the family of sets 
assigned to the vertices of G in an optimal set representation with respect to L, i.e. 
M Q {1, • • ■ , @l(G)}. Let M t = A t (A,A), < t < s, be the t-intersection matrix of the 
family A. Remark that, Mt is an n x n matrix, with (I^^^M) m ^j^g position (u, v), and 

(i) First, we can choose at in Z p , < t < s, such that, for every non-negative integer x, 

Y[( x ~ r t) = X) a *( + ) (modp). (1) 

t=i t=o 

Then, we define an n x n matrix M = ^t = o°t^t- Thus by Relation ([1]), the (u,v) 
entry of M is equal to Y\f = i {\A U DA V \ —rt) (mod p). Therefore, M is a symmetric matrix 
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such that for every u ^ v, its (u, v) entry is a multiple of p if and only if vertex u is 
adjacent to vertex v. Hence, over the field Z p , 

mr p (G c ) < rank(M). 

On the other hand, by the definition of M, the row space of M is a subspace of the 
vector space spanned by the rows of M t , < t < s, and consequently, 



rank(M) < ^rank(Mt) < ^ f^f^Y 



t=o t=o 
Thus, 



^><£( e f>) 



t=0 

(ii) Now we choose b\ in Z p , where < t < p — 1 and 1 < i < s, such that, 

P-i 

\p-l X~^ii.l X 



l-(x- ri y- L = ^M \ (modp). (2) 

t=o ^ ' 

Then, we define an n x n matrix M = £? =1 E?=o b t M t- Thus by Relation ©, the 
(u, v) entry of M is equal to ^i=i[l ~~ (l-^u ^ I — fi) p ]■ Hence, by the Fermat's little 
theorem, for every two vertices u and v, the (u, v) entry of M is zero in 7L V if and only if 
vertex u is not adjacent to vertex v. Therefore, similar to above, 

P ~ 1 /<-> (C)\ 

mr p (G) < rank(M) < ^ rank(M<) < ( ) ' □ 

Using the following approximation for the binomial coefficients, we obtain lower bounds 
for Ol(G c ) and 0l(G) in terms of the minimum rank of G. 

It can be seen that, for every positive integers x, s > 1, we have 

£(:)<*•. <«) 

8=0 V 7 

Corollary 2.3. Let p be a prime number and R be a subset of residues module p with 
\R\ = s, where s > 1. If L = {I : I (mod p) E R}, then for every graph G, 

(i) 6 L (G C ) > (mr p (G))i 

(ii) &l(G) > (mr p (G))^r. 



Note that in the proof of part (i) in Theorem II .31 if the coefficients at in Relations ([T]), 
and the matrices consider over the field R, then with the similar argument the lower bound 
in terms of mr(G) for 0^(G C ), where L is a finite set, is obtained. Furthermore, by the 
Chebyshev's theorem, for every integer s, there is a prime number p, s < p < 2s. Thus, 
by Theorem II. 31 the lower bounds in terms of mr p (G) for ©^(G), where L is finite set, are 
obtained. Hence, we have the following corollary. 
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Corollary 3.3. If L is a finite set of size s, where s > 1, and s < p < 2s be a prime 
number, then for every graph G, 

(i) &l(G c ) > (mr(GO)i 

(ii) @l(G c ) > (mr p (G))i 

(iii) L (G) > (mr p (G))^. 

By Proposition II . 2flaj ) . 61(G) > mr(G), where 0i(G) is clique covering number of G. 
In the next corollary this is extended for all positive integer k. Since, ©l(G c ) = 0£ C (G) = 
0fc(G), where L = {0, 1, . . . , k — 1}, by Corollary I3.3f i) we get a lower bound for the 

e k (G). 

Corollary 4.3. For every graph G and positive integer k, 

Q k (G) > (mr(G))i 

Regarding to the obtained lower bounds in above, graphs with large minimum rank 
may be a desired graph with large intersection dimension. 

In [2] using the Lovasz local lemma it was shown that, for every graph G with bounded 
maximum degree by a constant and every positive integer k > 1, 0fc(G) < 0{n~n). Hence, 
by the above corollary, the order of 0^(G) for some family of graphs can be determined; 
particularly by part (jcj) and (jdj) of Proposition 11.21 0fc(G) for path and cycle is obtained. 
In |8j, ©2(G) where G is a cycle or path is determined and proved that, @2(Pn) ~ Vn and 
©2 (G n ) ~ v^. 

Corollary 5.3. If G is a graph of order n, maximum degree less than d and minimum 
rank of order n, then for every integer k > 1, 

fe (G)~ni 

In particular, @ k (P n ) ~ nfc and 0fc(G n ) ~ . 

4 Lower bounds for the bipartite intersection dimension 

This section deals with the bipartite intersection dimension of graphs with respect to 
modular types, finite types, threshold types L. Similar to the proof technique in Section 3, 
we define appropriate inclusion matrices and obtain lower bounds for 0l(G) in terms of 
the bipartite minimum rank of G. 

Theorem 1.4. Let p be a prime and R be a subset of residues module p with \R\ = s. If 
L = {I : I (mod p) G R}, then for every bipartite graph G, 

(i) bmr p( G c )<£(^ G) ). 
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p-1 

(ii) bmr p (G) < 

t=0 

Proof. Suppose that, A = {A%, . . . , A n } and B = {B\, . . . , B n } are the families of sets 
assigned to the vertices in two partition sets of G in a set representation by 9l(G) labels. 
Let Mi = At(A,B) be the t- intersection matrix of A and B. Now we follow the similar 
argument as in the proof of Theorem 11.31 and conclude that 

(i) bmr p (G c ) < rank(M) < ELo rank ( M ^ £i=o rt^)' where M = 52t=o a t M t and 
<Hi < t < s, satisfy in Relation ([I]). 

(ii) bmr p (G) < rank(M) < £?=o rank(M*) < Y%=o ( flz f°), where M = ZLi E?=o h \ M t 
and 6|, < f < p — 1 and 1 < i < s, satisfy in Relation (J2J. □ 

It is known that for every bipartite graph G, 9 dd(G) = mrz 2 (G) (Theorem ll.lUj cj)). 
This shows that the above lower bounds are tight. 

From Theorem 11.41 by the approximation Q for the binomial coefficients, we get the 
following corollary. 

Corollary 2.4. Let p be a prime number and R be a subset of residues module p with 
\R\ = s, where s > 1. If L = {I : I (mod p) E R}, then for every bipartite graph G, 

(i) L (G C ) > (bmrp(G))*. 

(ii) L (G) > (bmr p (G))^. 

By the above lower bounds we obtain an alternative proof of Theorem 1 1.1 [}d|) as follows. 

A bipartite n x n graph G = {V\ U V2,E) is increasing if it is possible to enumerate 
its vertices V\ = {x\, . . . , x n } and V2 = {yi, ■ ■ ■ , y n } so that Xiyi G E and x\y^ E for all 
i > j. In [9j it is stated that every bipartite n x n graph G of maximum degree A, with 
no isolated vertices, contains an induced bipartite (n/A) x (n/A) increasing subgraph. 

By Proposition 1 1 . 2l|b|) . if H is the induced bipartite (n/A) x (n/A) increasing subgraph 
of G, then bmr]p(G) > bmrf(H). Moreover, the adjacency matrix of H is upper triangular 
with non-zero diagonal entry. Thus, hmx^(G) > n/A over any field F and hence by 
Corollary 12.41 the lower bounds in Theorem ll.H|d|> are obtained. 

Since for every positive integer s, there is a prime number p, s < p < 2s, by Corol- 
lary [231 the following lower bounds for 9l(G) with respect every to finite set L of size s 
is obtained. 

Corollary 3.4. If L is a finite set of size s, where s > 1, and s < p < 2s be a prime 
number, then for every bipartite graph G, 

(i) L (G C ) > (bmr(GO)i 

(ii) L (G C ) > (bmr p (G))J. 
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(iii) 6 L (G) > (bmr p (G))^. 



From the above corollary, we could get lower bounds of order n for some graphs. For 
example, by Theorem l2.2l Corollary 13.41 implies that for every Hadamard graph H of order 
n, with respect to every finite set L, we have 9l{H c ) = 0,{n). 

Since, 9l(G c ) = 9k(G), where L = {0, 1, . . . , k— 1}, by Corollarv l3.4f i) we get the next 
corollary. 

Corollary 4.4. If G is a bipartite graph, then for every positive integer k > 1, 

9 k {G) > (bmr(G))i, 

moreover 9\{G) > bmr(G) — 1. 



5 Uniform set intersection representation 

In this section, we consider the set intersection representation of graphs in the uniform 
case and obtain the same lower bounds for Qi,,k an d @l,k with respect to various types 
L. 

Theorem 1.5. Let p be a prime number and R be a subset of residues module p with 
\R\ = s. If L = {I : I (mod p) 6 R}, then for every graph G, 

mr p (G c ) < ( @L ' k s {G) \ 

Proof. Let A = {A\, . . . , A n } be the /c-uniform family of subsets assigned to the vertices 
of G by &L,k labels. Suppose that M t = A t (A,A) = I(A,t)I(A,t) T be the ^intersection 
matrix of A. Remind that, Mt is an n x n matrix, with ^"^^h j n position (u,v). 

By Proposition 13.21 

I(A,s)xI( s ,t)= ( k s 2%(A,t). 

Note that, the column vector space of Mt is a subspace of column vector space of 
I(A,t). Moreover, if < t < s < k, then ( k s Zl) / 0. Thus, by the above relation, the 
column vector space of I (A, t) is a subspace of column vector space of I (A, s). 

(i) We define an n x n matrix M = Y2t=0 a t^t where at is in Z p , < t < s, satisfying in 
Relation ([1]). By the definition of M the column vector space of M is a subspace of the 
vector space spanned by the columns of Mt, < t < s, that is the subspace of the column 
vector space of I(A,s), therefore, 

rank(M) < raxik(I(A, s)) < 
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On the other hand, by choosing at, M is a symmetric matrix such that for every u/w, 
its (u, v) entry is zero if and only if vertex u is adjacent to vertex v. Therefore, over the 
field Z„, 



mr p (G c ) < rank(M) < 




□ 

The Kneser graph K(n, k) is a graph with all /c-subsets of [n] as the vertex set such 
that two vertices are adjacent if and only if their corresponding sets are disjoint. It is well 
known that every graph is an induced subgraph of a Kneser graph with respect to some 
n and k. For a positive integer k, the least positive integer n such that G is an induced 
subgraph of K(n, k) is called the Kneser number of G and denoted by N(G, k) [7j. Indeed, 
for every twin-free graph G, N(G,k) = @L,k(G), for L = {0}. Thus, a lower bound for 
the Kneser number of graphs in terms of the minimum rank is obtained. 

Corollary 2.5. For every graph G and positive integer k, N(G,k) > mr(G c ). 

A natural extension of the uniform representation is a set representation with the 
restriction on the size of sets to r different sizes. For such representation, in the next 
theorem a generalization of the results of Theorem 11.51 is proved. 

Theorem 3.5. If L = . . . , l s } and K = {ki, . . . , k r } are two subsets of non-negative 
integers, where ki > s — r , \ < i < r , then for every graph G, 

™m<r ± ( 0L f G) ). 

t=s-r+l ^ ' 

Proof. Let A = {Ai, . . . , A n } be the family of sets assigned to the vertices of G with 
&l,k(G) labels and Ai, 1 < i < r, be the fcj-uniform subfamily of subsets of A. Suppose 
that Mt = At(A,A) be the t- intersection matrix of A. We define matrix M = Y2t=o a t^t, 
where at in R, < t < s, satisfy in Relation ([1]). 

For convenience, we denote the row and column vector spaces of a matrix Q by R(Q) 
and C(Q), respectively. By the definition of M t = I(A,t) x I (A, t) T , 

C(M t )QC(I(A,t)). 

Moreover, by Proposition 13. 21 we have, 

I(A j ,s-r + l)xI(s-r + l,t)= ( kj ~l \l(A h t). 

\s — r + 1 — tj 

If0<t<s — r + 1 then t < s — r + \ < kj and ( s _ J fT^_ t ) 7^ 0. Hence, by the above 
equality, for < t < s — r + 1, 

C(I(Aj,t)) C C(I(A j} s- r + 1)). 
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Therefore, we have the following relations, 

C(M) C £ f s =0 C(M t ) C E S t= C(I(A,t)) 

c Et=oE-=iC(/(A-,*)) 

Thus, 

rank(M) < £ J =1 J^i KWi,0)l 

— Z-ij=X l^t=s~r+l \ t ) 

— 1 Zut=s-r+l \ t )■ 

On the other hand, by choosing ctj, M is a matrix such that for every u and v, its («, v) 
entry is zero if and only if vertex u is adjacent to vertex v. Therefore, over field R, 



mr(G c ) < rank(M) < r ^ ( @ l{G)\ 

t= s -r+l ^ ' 



□ 

By the same argument as in Theorems 11.51 and 13.51 the same lower bounds proved for 
the bipartite intersection dimension can be obtained. 
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